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Abstract 



In this paper, we give some explicit evaluations of multiple zeta-star 
values which are rational multiple of powers of tv^. 



1 Main Results 

The multiple zeta value (MZV) is defined by the convergent series 



C(fci,fe,...,fc„) := ^ 



mi>m2>->m„>0 12 " 

where fci, A:2, ■ • ■ , fc„ are positive integers and ki > 2. The integers k = ki + k2 + 
■ ■ ■ + kn and n are called weight and depth respectively. Considerable amount of 
work on MZV's has been done in recent years from various aspects and interests. 
Among them, several explicit values are known for special index sets, as will be 
recalled below. 

In this paper, we give some evaluations of the multiple zeta-star value (MZSV), 
which is defined by the following series similar to the MZV: 

C*(fci,fc2,...,A:„) := X! 



mi>m2>--->nin>0 I z " 

where fci, fc2, . . . , /c„ satisfy the same condition as above. The MZSV can be 
expressed as a Z-linear combination of MZV's, and vice versa. 

Theorem A. For positive integers m,,n, we have 
C*(2m,2m, ••■ ,2m) 



no + ---+n„_i=mn \ fc=0 \ ' / \ i=0 , 

ni>0 



Theorem B. For positive integer n, we have 
C(3,l,--- ,3,1) 



2n 

4n 



>7r 



^l(4i + 2)! ^ ^ ^ (2no)! (2ni)! 

no,ni>0 

In particular, 

C*(3,l,-- - ,3,l)GQx7r"". 
^ V ' 

Theorem C. Let n be a positive integer, and let l2n denote the set of all 2n+ 1 

possible insertions of the number 2 in the string {3, 1, . . . , 3, 1}. Then we have 

^ V ' 

2n 

Et*(^ \ — \ " / 2^'°^^-54fc_)_2 \ ^ an-k-i Q^rt-fc \ 4„+2 

w/iere 

^ _ . (2^"° - 2)i32no (2^"^ - 2)i?2n. 

" ~ / ^ (2no)! (2ni)! " 

no,ni>0 

/n particular, 

S2ne/2n 

For later use, we recall the corresponding results for MZV's. 
Theorem 1 ([AK]). Let m, n be positive integers. Then we have 

C(2m,2m,...,2m)=C^) ^ ^ , 
^ V ' (2mnj! 

n 

where is defined by the following recurrence relations: 
w/iere -82™ tw^e i/ie classical Bernoulli numbers. 

Theorem 2 ([BBBL1],[BBBL2]). For any positive integer n, we have 

C(M_M) = 

2n 
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Theorem 3 ([BBBLl]). Let n be a positive integer, and let l2n denote the set 
of all 2n + 1 possible insertions of the number 2 in the string {3, 1, . . . , 3, 1}. 

Then 

^ ^^'^"^^ (4n + 3)!- 



2 Algebraic setup 

We use the algebraic setup of MZV's that was developed by HofFman[H2]. Con- 
sider the non-commutative polynomial ring 

^ ■■^Q{x,y) 

in two indeterminates x, y. We refer to monomials in x and y as words. We also 
define subrings 

:=Q + % 

and 

ij" ■.= Q + x9jy. 

For an integer fc > 1, put Zk — x^^^y. Then the ring S)^ is freely generated by 
Zk {k = 1, 2, 3, . . .). When k > 2, Zk is contained Sj^. 

Now define the evaluation map Z : Sj'^ — > R by setting 

Z{zkiZk2 • • ■ Zfe„) = C{ki,k2, ■■■,kn) 

on generators and extending it Q-linearly. 

We define the harmonic product * on inductively by 

w^X — \ ^w — w 

ZpWl * ZqW2 = Zp{wi * ZqW2) + Zq{ZpWl * W2) + Zp+q{wi * W2), 

for all p,q > 1, and any words w, wi,W2 G ^)^, together with Q-bilinearity. For 
instance, Zp* Zq = ZpZq + ZqZp + Zp+q. This product corresponds to C,{p)C,{q) = 

dp, q) + CiQ,p) + C{p + q)- 

The following theorem which has been proven in [H2] gives the basic algebraic 
properties of the ^-product. 

Theorem 4 ([H2]). The harmonic product is commutative and associative. 

Theorem|3] says that is a Q-commutative algebra with respect to the 
harmonic product *. Then S)^ is subalgebra of In [H2], it has also been 
proved that Z is homomorphism with respect to the harmonic product *: 

Z{wi*W2) ^ Z{wi)Z{w2)- (Wl,'!«2 e 
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We conclude this section by introducing the Q-hnear map S. Let e Aut{f)) 
be defined by <S'i(l) = 1, S'i(x) = x and Si{y) = x + y. Define the Q- linear map 
S : Sj^ — > by 

SiFy) :=5i(F)y 
for all words F € Sj and S{1) = 1. Then it is clear that 

C*(fci, k2, ...,kn) = Z{S{zk^Zk^ ■ ■ ■ ZkJ). 

For example, C*(fci,A:2) = C(fci + ^2) + C(fci, ^2) = Z{S{zk^Zk^)). Ciki,k2,h) = 
Cih + k2 + h) + Cih + k2, fc3) + C(fci, fc2 + A;3) + C(fci,^2,fc3) = Z{S{zk^Zk^ZkJ). 



3 Proof of Theorem A 



We prove Theorem [X] by using the Laurent expansion for the cosecant function: 

csc. = E(-ir-(^-^.--. 



{2n)\ 

Proof of Theorem [21 Using the infinite product for the sine function, we have 

CSCTTXe™ = — . 



— n 1-^-'^ 



Substituting A: = 0, l,...,m — 1 and multiplying both sides, we obtain 

/ m — 1 \ m — 1 ^ 



n n - ^^r--^^- (1) 

IT ( ^ „2m 



fc=0 / k=0 



The right hand side of H]) equals 



i+(y y ^^|.T 

\ni>0 ^ / y)ii>ri2>0 ^ ^ ) 

oo 

= 1 + VC*(2m,2m, ...,2TO)a;2'"". 

n— 1 

n 

On the other hand, the left hand side of ([1]) equals 

\ /£=0 / fc=0 nfc=0 ^ 



'"-J- ('o2nfc OAR 



fc=0 nfc=0 
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1 + E E (-ir^-^Mn 



(2nfc)! 

n— 1 I noH \ A:— 



X exp l^'znz^ I ^2mn^2™„_ 



Comparing coefficients of both sides, we obtain the desired identity. □ 
Corollary 5. For positive integers m,n, we have 

C*(2m, 2to, . . . , 2to) e Q X tt^"^". 



Proof. The coefiicient of tt^™" on the right hand side of Theorem |^ is invariant 
under the action of the galois group Gal{Q^{(^m) l'^), hence belongs to Q. □ 

Remark. Yasuo Ohno proves Theorem |^ independently. He proves this 
theorem in two ways, one way is to use the same method of our proof. The 
other is to use generating function and differential equation. 



4 Proof of Theorem B 



Theorem IB] will be obtained as a Corollary of a more general identity, which is 
stated as follows. 

Theorem 6. For positive integers a, h and nonnegative integer n, we have 

n 

S{{ZaZ>,r)=T.i'aZ,y*S{z:-l), (2) 

i=0 
n 

Sizbiz^ZhD = E ^bizaZbY * Siz^+l). (3) 

i=0 

Proof. By definition of S, we have 

S{wiW2) = Si{wi)S{w2)- (wi e Sj,W2 e Sj^) 
Using this identity, we obtain 
S{zk^Zk2 ■ ■ ■ ZkJ 

= Zk^S{zk^Zk3 ■ ■ -ZkJ + S{zk^+k2Zk3 ■ --ZkJ 

= ZkiS{Zk2Zk3 ■ ■ ■ Zk„) + Zki+k2S{Zk3 ■ ■ ■ Zk^) + S{Zk^J^k2+k3Z]~^ ■ ■ ■ Zk^) 



^Zk,+k2+---+k,S{zk^^iZk^^2 ■■■ZkJ- (4) 
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(When j = n, we regard S{zkj^^Zkj^2 ' ' ' ^k„) as 1.) By using this identity, we 
obtain 

n — 1 n 
S{{ZaZbT) = J2 Ha+bh+aS{Zb{ZaZbT-^-') + ^ Z(^,+i,)jS{iZaZb)"-'), (5) 
j=0 3 = 1 

n n 

S{zb{ZaZbY) = ^ Z(^a+b)3+bS{{ZaZbY^^) + ^ Z(a+b)j 5'(zb (ZaZfc)""-' ) , (6) 
n 

We prove identities ^ and ([3]) simultaneously by induction. The case of n = 
is obvious. Suppose that the assertion has been proven up to n — 1. 

RHS of (IH) 

i=l j=l 

n — l 71 — i 



n—l n—i 

Z = l J = l 

n—l n—i 



i=l 3 = 1 

1=1 

n—l n—j 

n—l n—j 
+ E ^('»+'')j+a E ZbiZaZbY^^ * + (ZaZbT 

3 = 1 i=l 
= 5(Z^+,) + Za {S{zb{ZaZbY'-^) - ZbiZaZb)"-^} 
n-1 

+ E 'i^+bh {siizazbr-') - siz^-i)} 

3 = 1 
n-1 

+ E ^{a+b)3+aS{zb{ZaZb)''^^^'^) + {ZaZbT 
3 = 1 

(by induction hypothesis) 



n-l 

- {'S'(z"+b) - 2;(a+b)n} + Z(^a+b)j+aS{zb{ZaZbT^^^^) 

J = l 

n— 1 n 



SiiZaZbD 

Hence, ^ is true for n. 

RHS of ^ 



= X! ^bC^a^^ft)' * ^ Z(a+b)jS{z2:^l~^) + ZbiZaZbY 



i=0 j=l 
n—1 n—i 



J2J2^b (^{ZaZbT * Z{a+b)jS{z"^l 



i=Q j = l 



n—1 n—i 


of n—i- 

'S[z^+b 


■■'>) 


i=0 ] = 1 






n—1 n—i 


ri t n — i- 


-)) 


1=0 3 = 1 






^ ZbJ2{zaZb)US{z:-i;) 

i^O 







+ Yz(^+b)3Yzb{ZaZby * S{z'2j^I 
3 = 1 1=0 
n n—j 

+ H^+b)3+b Y^^'^^bY * S{z^~l,~") + Zb{ZaZbY 
3 = 1 1=0 

n 

= ZbiSiiZaZb)"") - {ZaZbT} + ^ Z(„+6)jS'(zb(z„Zfc)"-^') 

3 = 1 

n 

+ ^ Z(a+b)3+bS{{ZaZbT~') + Zb(ZaZb)" 
3 = 1 

(by induction hypothesis and ^ for n) 

n n 

= ^Z(a+6)j+6S'((Za^6)""-') +^Z(a+fc)i5'(2fc(2a^^6)""-') 
j=0 j = l 



= b(Zb[ZaZb) ). 

Therefore, ([2]) is true for n. □ 
Proof of Theorem\^ From ([2]), we have 



C( 3,l,-- - ,3,1 ) =^C( 3,1,--- ,3,1 )C*(4,4,-.. ,4). 

o i — n ■ 

in 2t n—i 

Hence, we have the assertion by Theorem [5] and Theorem [Xj □ 



5 Proof of Theorem C 



As in Section 4, we prove the foUowing identities to obtain the expHcit evalua- 
tions of X;,-„e/2„ C (S2n)- 

Theorem 7. For positive integers a, b, c and nonnegative integer n, we have 

n n — 1 

n 

= 2Y,Z(a+b)k+c*S{{ZaZbr-'') (8) 

n ( k k-1 

- y^.S'(z"^b) * I '^{ZaZbY ZciZaZb)''^^ + ^ Za (zfcZa)' Zc (zfcZa)''"^"' Zfc > 
k=0 { i=0 i=0 J 

and 

n n 

SizbiZaZbfz^iZaZbY'-'') + ^ S{{zbZa)'' Zciz^bZaY'^'' Zb) 

k=0 k=0 
n 

= 2j2Ha+h)k+c*S{Zb{ZaZb)"-'') (9) 
k=0 

n ( k k ^ 

- Xl'^(^"+b ) * lj2^''^^'^^bTZc{ZaZb)''-' + J2i^bZayZc{zbZa)''^'Zb \ . 
k=0 { i=0 1=0 J 

( We regard summations X^I^lm ' ' ' ^0 
Proof. Wc put 

= (zQZ6)*Zc(zQZfc)-' and B^j (zbZa)*Zc(zfcZa)^2;b- 
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Then we can rewrite (|5]) and ^ as follows: 

n n — 1 

fe=0 fc=0 
n 

k=Q 

n ( ^ k—1 

E * E + E ^-^^fc-i- [ (10) 



fc=0 kj=0 j=0 



and 



/c=0 /£=0 
= 2 ^ Z(a+b)fe+c * 

n ( ^ ^ ^ 

- E * E + E ■ (11) 

fe=0 I i=0 i=0 J 

We prove the identities (|10p and (|lip simultaneously by induction. Before pro- 
ceeding the proof, by using equation ([¥]), we rewrite the quantities on the LHSs 
of Uni) and PT|). 

k 

= E {^(a+b)0-l)+a'S'(2fc^/c-j,ri-fe) + 2(a+fc)i'5'(^fc-j,n-fc) } 
+ Z(a+6)fc+c<S'((2;a26)"~'') 

+ E {^(a+fc)(i-l)+a+c'S'(26(2aZfc)""^) + Z(a+&)j+c5'((2a26)""-')} 

for < /c < n, 

S{ZaBk,n-l-k) 
k 

= E {^(a+f>)0-l)+a'S'(-Sfe-j + l,n-l-fe) + Z{a+b)jS{ZaBk-j,n-l-k)} 
J = l 

+ ^(a+b)fc+a'S'(i?0,»i-l-fc) 
n 

+ E {^(Q+fc)(j-l)+Q+c'S'((262a)""^Zt) + Z(a+6)j+cS'((2;a2;6)""-')} 
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for < fc < n - 1, 

k 

-j+l,n-k) + Z(^a+b)jS{zbAk-j,n-k)} 

+ Z(a+b)k+bS{Ao^n-k) 
n 

s{zb{zaZbr-n} 

j=k+l 

+ Z(a+b)n+b+c 

ioi < k < n and 

S{Bk,n-k) 
k 

= ^ {z{a+b)(j-l)+bS{ZaBk-j,n-k) + Z{a+b)jS{Bk-j,n-k)} 

i=l 

+ Z(^a+b)k+cS{{ZbZaT~'' Zb) 

n 

+ 51 {z{a+b){j-l)+b+cS{{ZaZbT~^~^^) + Z(^a+b)j+cS{{ZbZa)"'~^Zb)} 

j=k+l 

+ Z(a+b)n+b+c 

for < fc < n. Hence, we have 

n n—1 

SiAk^n-k) + ^ S{ZaBk,n-l-k) 

k=0 k=0 
n 

= 'Y Ha+b)k+cS{{ZaZb)"~'') 
k=0 

n — 1 n 

+ 2^! X! {z(^a+b)U-l)+a+cSiZbiZaZbr-^)+Z(^a+b)j+cS{{ZaZbT~^)} 
fc=0 :;=fc+l 

+ ^^(a+b)j 1 ^ '^'(^fe.n-j-fc) + ^ S{ZaBk^n-3-\-k) \ 
j=l Lfe=0 fc=0 J 

n r n-j n-j \ 

+ Y^(a+b){j-l)+a I YS{ZbAk,n-j-k) + ^ S{Bk,n-j-k) > (12) 
j=l lfe=0 fe=0 J 

and 

n n 

'Y^S{zbAk,n-k) + S{Bk,n-k) 
fe=0 k=0 



Yz(^a+b)k+cS{zb{ZaZbT ^) 



k=0 
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n—1 n—k 


-\-u )yh,-\'j )-\-u-\--c \\ ii uj 


k=0 j=0 




n—1 n—k 






+b){k+j)+cS{zb{ZaZbY^ 


k=0 j=l 






S{zbAu,n-j-k) + _ 




fe=0 I 


n 


I fe=0 



fc=0 

E 

fc=0 



(13) 



Now, the case of n = is obvious. Suppose that the assertion has been 
proven up to n — 1. 



Y^Z(^a+b)k+c* S{{ZaZbT ^) 



k=0 

n-1 



15J 



Y^Z(^a+b)k+c* \'Yz(^a+b)ij-l)+aS{zb{ZaZby^ ^) 
k=0 I ] = 1 



n,—k 



^'Y, ^(a+b)]S{{ZaZbY'' ^ ^)>+^(a+b)ri- 
J = l J 

n—1 n—k 

= ^''^^''^ ^{a+h)k+c^{a+h){3-l)+aS{zh{ZaZhY ^ ^) 
k^O j^l 
n — 1 71 — k 

+ E E Z{a+b){3-l)+a {Z{a+b)k+c * S {zbiZaZb)"~''~' )) 
k=Q j=l 
n—1 n—k 

+ E E ^{a+b){k+j-l)+a+cSizb{ZaZb)'^~''~^) 
k=0 J = l 
n—1 n—k 

+ ^ ^ Z{a+b)k+cZ(a+b)]S{{ZaZb)'^~''~^) 
k=0 3 = 1 
n—1 n—k 

+ E E ^i^+b)3 (^(a+b)fc+c * S{{ZaZb)"~''~^)) 
fc=0 j = l 

n—1 71 — k 

+ EE 

k=Q j = l 

|5j " 

= 'Y^Z^^a+b)k+cS{{ZaZb)"' 
k=0 
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n n—j 

3 = 1 k=a 

n n~j 

j=i k=a 

71 — 1 n — k 

+ ^ ^ {z{a+b){k+j-l)+a+cS{zb{ZaZb)"'^''^^) + Z(a+6) (fe+j)+c5'( (ZaZfe)"^'""-' ) } 
k=a j=l 

On the other hand, 

n f k k-1 

E ^«;') * E + E ^^^a-i-. 

fc=0 I i=0 1=0 J 

n-1 ( k k-1 ~j n-1 

+ E * E ^^'^-^ + E ■^'^^-fc-i-'^ + E ^(^Tb') * ^c(^a^6)' 

n n — 1 



fc=l j=l I i=l i=0 J 

n— 1 n— 

+ E E ^('J+6b'5'«+^~^) * ZciZaZb)'" 
k=0 j=l 
n n — 1 

= E E ""i^+bh \ S(z2+b'^) * E + E ZaB^^k-l-^ \ 

k=l j=l I \j=l 4=0 / J 

n—ln — k { / ^ /e— 1 

+ E E ^'^ ] H'^+b)3Sizll^^^) * I ^ ZbA,_i,fe_, + B,^k-l-t 
fe=l j = l t \i=l i=0 

n— In — ^' /e— 1 

fe=l j = l [ \i=l i=0 
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n—1 n—k 



+ ^Y1 {''i'^+b)j {^(''a+b ^) * ZciZaZbY 
+ Zc [Ha+b)jS{Za+b^^) * (^aZfc)'') + Z^a+b}j+c ('S'«+b''"^) * (Za^h)'') } 



ri-1 



i=0 i=Q 

n—1 n—k ( / ^ fc— 1 

*:=! j = l I \i=l i=0 
n—1 n—k 



fe=0 j=l 

n—1 n—k 

+ YY{^c [z(^a+b)jSiz"^l;^^) * (ZaZb)''^ + Z(a+6)j+c ('S'^+b''"^) * (^a^fc)''^) } 
k=0 j=l 

n-1 n-k ( / k k-1 \ 

+ YYzal Z(a+b)jS{z^^l;'^) * ZbAi^i,k-i + ^ Bi^k-l-i 1 > 

k=l j=l { \i=l i=0 / J 

n-k ( / k k-1 \ 

+ \ ^i'^a+b^') * ZbAi^i^k-i + J2 Bi^k-l-i \ 

k=l j=l I \i=l i=0 ) J 

n n — 1 

2=0 i=0 
n— 1 n— A: j' / k k—1 \ ^ 

k=l j=l I \i=0 1=0 / J 

n 

n—1 n n—j 

/£=0 j = l k=0 

n-1 n-k ( I k k-1 \ ~j 

fc=l j=0 I \i=l 4=0 / J 



Z^O 2^0 

fe=0 j=l I \i=0 1=0 
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+ ZcSiiZaZb)'') - ZciZaZb)'^ + ^ Z^a+b)j+cS{{ZaZbr ^) 

n-ln+l-fe r /k-1 k-1 

fe=l j=l L \i=0 1=0 

n n—1 

i=0 i=0 
n-1 n-fe r / fe fe-1 \ 

fc=0 j=l L \i=0 i=0 / J 

n 

+ XI ^(a+6W+c'S'((^a2;5)"~'') 

i=o 

n — 2 n — f / ^ 

k=0 3=1 I \i=0 i=0 

n n—1 

i=l i=0 

n 

= 'Y^ia+b)j+cS{{ZaZbT~^] 
J=0 

n— In— fe / ''^ \ 

fe=0 j=l I \i=0 i=0 / , 

n—1 n—k f / k k 

+ E E ^(a+6)0--l)+a S ^(Cb''"') * E ^^^iM-i + E 
fe=0 j=l L \i=0 i=0 

Therefore, we have 

n 

lYz^^^b)k^c* S{{ZaZbT-^) 
k=0 

n ( k fc-1 

- E^«^^) * 1 E^'.'^-* + ^ZaBi,fe-l-i > 



fc=0 k i=0 1=0 

n 

E ^(a+b)k+cS{{ZaZbT~'') 
k=0 



n—1 n — /c 

+ 2 E E {^(a+b)(k+j-l)+a+cS{Zb{ZaZbT~''~^) + 2(a+6)(fe+i)+c'S'((^a^fe)""''"-')} 
fe=0 j=l 
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n-j 



3 = 1 [ k=Q 

n—j / k k—1 



k=0 \i=0 i=0 / J 

n ( n-j 

+ E I ^ ^(a+b)fc+c * -SC^^b (^^a^b)""''^'') 

j = l I fe=0 

n-j / k k \ ^ 

- E s{^:+r') * E ^^^^'^-^ + E ^^^^ 

fc=0 \i=0 1=0 / J 

n 

= E ^(a+b)fe+c'S'((2:o2f))""'') 
fc=0 

n — 1 n 

+ 2E E {^(a+6)(j-l)+a+c'5'(2b(2Q^;6)""-') + 2;(a+;,)j+c'5'((2a^;6)""-')} 
fc=0 j = fc+l 

f n—j — 1 ^ 

+ E { E '5'(^fc,n-j-fc) + E S{ZaBk,n-j-l-k) \ 

0=1 lfc=0 fc=0 J 

n r Ti-j n-j 

+ E ^{o.+b)[]-l)+a \ E ^{zbAk,n-]-k) + E ^i^kji-j-k) \ 
j=l l/c=0 /c=0 J 

(by induction hypothesis) 

= 'S'(Afc^n^fc) + S{ZaBk^n-l-k)- 

fc=0 fc=0 

Hence (|10p is true for n. Next we prove ([TT]) for n. 

n 

E ^(Q+6)fc+c * S{zb{ZaZt,y 



\n — k 

= E ^(a+ft)fc+c * < E ^ia+b)3+bSiiZaZbr^''^^) + E 2(q+6)j -Sl^^b (^^o^^f,)""''"^ ) 
fc=0 [ J=0 j=l 

+ ^(a+6)ri+c * 
n—1 n—k 

= E E Z{a+b)k+cZ{a+b)j+bS{{ZaZb)"'^''^^) 
fc=0 j=0 
n—1 n—k 

+ E E H^+b)3+b (Z(a+b)fc+c * SiiZaZbY'^''-^)) 
fc=0 j=0 
n—1 n—k 

+ E E Z{a+b)(k+j)+b+cS{{ZaZby'^''^^) 
fc=0 J=0 
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n—1 n—k 

Z{a+b)k+cZ{a+b)j 

fc=0 3 = 1 
n—1 n—k 

k=0 3 = 1 
n—1 n—k 

+ Z{a+b){k+j)+cSizbiZaZbr^''-^) 
k=0 3 = 1 

+ ^(a+b)n+cZb + ZbZ(^a+b)n+c + 2(a+6)ri+6+c 

^ ^ia+b)k+cS{Zb{ZaZbT^'') 
k=0 

n n—j 

3=0 k=0 

n n-j 

j=i k=a 

n — 1 71 — k 

+ X! X! ^ia+bKk+3)+b+cSiiZaZbT^''^^) 

k=a j=o 

n—1 n—k 

+ H^+b){k+3)+cS{zb{ZaZby'^''-^) 

k=a 3=1 

+ Z{a+b)n+b+c- 

On the other hand, 

n ( ^ ^ ^ 

E * E ^^'^^'^^ + E 

= S{z2+b) * (^b^c + 2;c2;b) 



+ E ^(^Tfc') * E ^"^^^-^ + E + E ') * ^^(^"^^ 

jYI ^ n — In— A; j' fc ^ 

= E E * ^ E ^b^^.fc-* + E ^^.fc-^ f 

/c=l j = l I 4=0 i=l J 

TL—1 n — k n 
+ E E Ha+b)3S{Za+t^) * Zc{zbZa)''Zb + E ^(a+bb" '5'«+6^ ) * ZbZc 
k=0 3 = 1 3 = 1 
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i=i) i=0 
n— In— [' / ^ ^ \ 'I 

fe=l j = l I \i=0 i=l / J 

n— In — /c^" ^ ^ 

fc=l j=l I \i=0 i=l 

n— In — /c f / ^ ^ 

fe=l j = l I \i=0 i=l 

n— 1 n — /c 

fe=0 j=l 

n— 1 n—k 

+ Z Z (2(a+hbS'(zl+b''"^) * (^b2;a)''^b) 
fe=0 j=l 
n— 1 n— 

+ Z Z Ha+b)j+c [S{z2+1;'^) * {ZbZafzi^j 
fe=0 j=l 

n n 

n n n 

j=l i=0 i=0 

n— In— f / k ^ \^ 

= E E ^(»+%- ^(Cb"') * E^f^'.^-* + E^'.^-* r 

fc^l j^l I \i=0 z=l / J 

n— 1 n— n 

+ EE -^■)*^c(^b^a)'=^b)+E^(«+%('^( 

A;-0 3^1 3=1 

n—ln—kC / ^ ^ 

+ E E ^(a+%-^(Cb * E ^^.'^-^ + E ^-^i-i.fc- 

fc^l j^l I \i^0 i=l 

n—l7i — k { ^ 

+ E E ^(a+fcb+fc ] ^'y^l+b'^) * E + E 

fe=l j=l I \i=0 i=l 

n 

+ E {^6 (^('^+«')j'^(^a+b) * + ^(a+b)j+b ('S'C^r+b) * ^c) } 
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-1 n — k 



k=Q j=l 



n n 

/c=l j = l I \i=0 i=0 / J 

n 

+ H {^(a+fcW ('S'(^r^b ) * ^c^^b) + 2(a+b)j (-^(Za+b ) * Z^Z^ | 

n— — /c ( ^ 

fe=l j=0 L \i=0 1=1 



n — 1 — /c 

+ X! H ^(a+b)j+c ('5'«+b''"^) * (^bZa)''Zfc) 

n n 

+ ^ ^ Zb-^i,n-i + ^ ' Bi^n—i 

1=0 j=0 
n—1 n—k f / ^ ^ \^ 

k=0 j=l I \j=0 1=0 / J 

n—1 n—k f / ^ ^ 

k=0 j=0 { \i=0 1=1 

n n—j 

+ Y^(^+'')i+''Yj^'^^a+r'') * Zb{ZaZbt - ZrXzbZaTzb 
j=0 fe=0 
n n 

~t~ ^ ^ -^-b^z,?! — 2 ^" ^ ^ Bi ji—i 
1=0 j=0 
n — In — ^' ^ \^ 

= E E -(^+^). ^(Cb * E + E 

n— 1 n — [' / ^ ^ 

+ E E ^(a+fcW+fc ^ Siz"^'^-^) * I ^ A,,fe_i + Y ZaBi^i,k-i 
k=0 j=0 L \i=Q i=l 
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j=0 

n n 
i=0 i=l 

j=l k=0 I \i=0 i=0 / J 

n i f / k k 

+ E E \ ^(Cfe * E ^^.fc-' + E ^-Bi-i,k- 

j=0 k=0 I \i=0 i=l 



+ ^ Z(^a+b)k+cS{Zb{ZaZbT '')■ 



fe=0 

Therefore, we have 



k=0 

n ( ^ ^ ^ 

- E * E ^^-^^.'^-^ + E ^^.'^-^ 

fe=0 lj=0 i=0 J 

n 

= E ^(a+b)fc+c'^(^fe(^a^b)"~'') 

n — 1 n — 

+ 2EE 

fe=0 j=0 
n—1 n—k 

+ 2 E E ''^(a+b)(k+j)+cS{Zb{ZaZbT~^~^) + 2Z(a+b)n+b+c 
k=0 j=l 

n ( n-j 

+ ^ 2(a+b)j < 2 ^ Z(a+6)fc+c * S{Zb{ZaZbr~^~'') 
j=l I fe=0 

n— j / k k 

- E ^(cr') * E ^^^^-^-^ + E B^,k 

fc=0 \i=0 i=0 

+ E \ 2 E ^(a+b)fe+c * SiiZaZbT-^-'') 

j=0 I fe=0 

n— j / k k 

-E^«;r')* E^'.'=-+E^'^^- 

fc=0 \i=0 i=l 

n 
k=0 
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n—1 n—k 

k=0 j=0 
n—1 n—k 

+ '^''^'^^ Z(^a+b)(k+j)+cS{Zb{ZaZi,y^ ^ ■') + 2Z(a^f,)„_|.f,_,_c 
fc=0 j = l 

n r n-j n-j \ 

+ ^i'^+bh \ S{zbAk,n-j-k) + Y S{Bk^n-j-k) \ 

j=l {k=0 k=0 J 

n ( n—j n—j—1 ^ 

+ ^ "I 5Z '^^^'^'""J'"''"'' ^ 51 ^i^aBk,n-j-l-k) 

j=a lfc=0 fc=0 

(by induction hypothesis and pH]) for n) 

''^ ^ 5(z&Afc,„_fc) + ^ S{Bk,n-k)- 

fc=o fc=o 



Proof of Theorem O By ([5]) , we obtain 



□ 



^ C* (.-2„) = 2 ^ C(4fc + 2)C* ( 3, 1, . . . , 3, 1 ) - ^ C*(4, . . . , 4) ^ C(^20- 

5*2„e/2,. fc=0 2n-2/c n-fc s^a^e/sfe 

Hence, we have the assertion by Theorem [l] Theorem [3l Theorem [Xl and The- 
orem [B] □ 
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